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Alternating Multilinear Function on Permutation of

Basis
> Let T e A"V*
> Let (eq,...,€,) be a basis of V
» For each ¢ € S,,,
T(es1)-- - ep(m) = €(@) T(en, .-, €n)
» If ¢ € End(n)\S,, then there exists 1 < j, k < n such that

#(j) = ¢(k) and therefore

T(e¢(1), ey e¢(n)) =0

» |t follows that for any ¢ € End(n),

T(ep(1ys--->€p(n) = (@) T (e, - - -, €n)
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Alternating Multilinear Function With Respect to

Basis

> If (e1,e,...,€,) is a basis of V and vk:ejai, 1<k <n,

T(Vla"'vvn) = (ejlalfv" ejna{?)

33 Tl )

A=1 Ja=1

1 n

= 3 Tlesay o epm)at™ o™
¢€End(n)

= 3 dD)T(er e en)af® g
¢€End(n)

=Tlen-e) 3 Dy

#€End(n)
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Determinant of a Matrix

» Define the determinant of an n-by-n matrix M to be

det(M) = > e($)M}q) -+ MJy
PES,

= Y )My M,

¢€End(n)
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Basic Properties of Alternating Multilinear
Functions

» Given a basis E = (ey,...,€,), any T € A"V* is uniquely
determined by T(ey,...,e), because if
[vl v,,} = EM,
then

T(va,...,vn) = T(eq,...,e,) det(M)
» In particular, T # 0 if and only if T(ey,...,e,) # 0.
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Space of Alternating Multilinear Functions

vvyVvVyy

If 51,5 € A"V* and ay,a, € F, then a151 + 2,5, € A"V*
Therefore, A"V* is a vector space

Let T € A"V*\{0} and (ey,...,e,) be a basis of V

For any vy,...,v, € V, Let M be the matrix such that

[V1 vn] = EM
It follows that

S(Vl7 ey Vn) = S(el, ey e,,)det(/\/l)
=cT(e,...,e,) det(M)

=cT(vi,...,Vp)

Therefore, S = cT

It follows that dim(A"V*) =1 and any T € A"V*\{0} is a basis
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Pullback of Oriented Volume Function by Linear

Map

vvyyvyy

Let V and W be n-dimensional vector spaces
Let L: V — W be a linear map

Let T € A"W* be an oriented volume function
Use L and T to define S € A"V* as follows:

S(viy...yvn) = T(L(w1),..., L(wn))
S is called the pullback of T by the linear map L and denoted
L*T
The pullback is the linear map
L* - N"W* — A"V*,
where for any T € A"V* and vq,...,v, € V,

L T(Vlv cees Vn) = T(L(Vl)a sy L(Vn))
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Composition of Pullbacks

» Let Vg, Vi, V5 be n-dimensional vector spaces and
Li:Vg—=>Viand L, : Vi — V)
be linear maps
» Their pullbacks are linear maps
LY A"V — A"V§ and LS A"V — ATV
» The pullback of the their composition is the linear map
(LaoLy)* : A"V — A"V
» Then foreach T € A"VS and vi,...,v, € W,

(Lao L))" (T)(v1,...,va) = T(Lao Ly(va),..., Lo o Li(vy))
= T(La(L1(wv1)), ..., La(L1(vn)))
= L3(T)(Li(wa),-- -, Li(vn))
= Li(L(T))(va, -, va)
= (Lo L)(T) (v, -+ Va)

» Therefore, (Ly o L1)* = L} o L}
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Determinant of a Linear Transformation

v

Let L: V — V be a linear transformation
Let T € A"V*

Therefore, the pullback is a linear map
L*:A"V* = A"V

Since dim(A"V*) = 1, it follows that for any T € A"V*\{0},
there exists ¢ € IF such that

L*(T)=cT

c is called the determinant of L, denoted det(L), and defines a
(nonlinear) function

det: End(V) —»TF
If I 1V — V is the identity map, then det(/) =1
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Example (Part 1)

» Consider the matrix

0 3 1
M=]1 0 -1
-2 0 O

> Let V =TF3 E = (e, e, €3) be the standard basis of F3, and
L:V — V be the linear map given by

L(E) = EM
0 3 1
= [el €2 63] 1 0 -1

-2 0 O

=[e2—2e3 3e1 e — e
> |e,
L(e)) = & — 263
L(ez) = 361

L(e3) =€ — & ,
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Example (Part 2)

> Let D € A3V* satisfy D(ep, e, €3) =1
» The determinant of L can be calculated as follows:

det(L) = (L*D)(e1, €2, €3)

= D(L(e1), D(L(e2)), D(L(e3))

= D(er — 2e3,3€1, €1 — €)

D( —263,36176’1)4‘ D(6‘2 — 2e3,36e, — )
=0+ D(ey,3e1, —€2) + D(—2e3,3e1, —6&)

= (=2)(3)(-1)D(es, &1, &)

6/.)(617 €2, 63)

=6
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Determinant of Composition of Linear
Transformations

» If [; : V= Vand Ly: V — V are linear transformations, then
det(L2 @) Ll) = det(Ll) det(Lz)

» L is invertible if and only if det(L) # 0

» If L is invertible, then

1
 det(L)

det(L™h)
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Determinant of a Matrix Product

» Let E = (ey,...,e,) be the standard basis of F"
> Recall that a matrix M € gl(n,TF) defines a linear map
Ly : F" 5 F7
where if E is the standard basis, then Ly (E) = EM and
therefore

det(Ly) = det(M)
» Recall that if My, M, € gl(n,F) and v = Ea € F", then
L, © Lpg, (Ea) = Lpg, (L, (EQ))

= Ly, (EMa)
= EM, M, a

» Therefore,

det(M,) det(M;) = det(Lm,) det(Lay,)

=det(Lp, o Lpy,)
= det(M2M;)
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Transpose of a Matrix

» Given a matrix M € gl(n, m,F), its transpose is the matrix
MT € gl(m, n,F) that switches the rows and columns
» |n other words, '
(M), = Mf
» Or ;
M11 Mfln /\//11 ce o Mp
My MR Mrln cee MD
> If M € Muxm, then MT € gl(m, n,TF)
» For any A € Myxm and B € gl(m, n,F), then AB € Mgy, and

(AB)T = BTAT € Mpxx
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Determinant of Matrix Equals Determinant of Its

Transpose

» Lemma: Given any square matrix M,

det MT =det M

» Proof: Use the formula for the determinant

det M = Z Mg
o€eSs,
= <o MG )
€S,
= Z 0(1 Mg(n)
o€S,

=detM"
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