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Diagonal Matrix

Determinant of
Diagonal and
Triangular

Matrices » An n-by-n matrix M is diagonal if the only nonzero entries are
along the diagonal

M: 0 0 0

0 M2 0 0
M = : :

0 0 M=t o0

0 0 0 Mn
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Diagonal Basis of a Linear Transformation

Determinant of

Dragonal and » Given a linear transformation L : V — V/, a basis
Matrices E = (ey,...,e,)is diagonal if for each k € {1,...,n}, there

exists d, € IF such that
L(ek) = ekdk,

» A basis E is diagonal for L if and only if L(E) = EM, where M
is a diagonal matrix

» A linear transformation L is diagonalizable if there exists a
diagonal basis for L

» Not every linear transformation is diagonalizable
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Determinant of Diagonalizable Linear
Transformation

» Let L: V — V be a linear transformation with a diagonal basis
E=(e,...,en), i€,

Determinant of
Diagonal and

Triangular L(ek) = ekdk
Matrices

» Let Dg € A"V* satisfy D(ey,...,e,) =1
» The determinant of L is

det(L) = De(L(ey),. .., L(en))
De(erds, ..., endy)
:d1-~-an(61,...,en)
=di---d,

» |t follows that the determinant of a diagonal matrix M is the
product of the diagonal elements,

det(M) = M} --- M"
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Determinant of
Diagonal and
Triangular
Matrices

Triangular Matrix

» An n-by-n matrix M is upper triangular if it is of the form

My My oo My, M
o M .. Mi, M
M=| :
o 0 - Ml Mt
0 0 -~ 0 M7

» An n-by-n matrix M is lower triangular if it is of the form

M0 - 0 0
M2 M2 ... 0 0
M=| @
LV VN Vi B
My My o - Mp, My

» A matrix M is triangular if it is upper or lower triangular
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Triangular Basis of a Linear Transformation

Determinant of » A basis E is triangular for a linear transformation L: V — V if

Diagonal and

Triangular L(E) = EM, where M is a triangular matrix

Matrices

» If M is upper triangular, then

L(el) = elMil
L(e) = esM} + e; M3

L(e,,_l) = ell\/l,%_l —+ 62/\/’5_1 + -4+ e,,_lM,',’__ll

L(e,) = ell\/l,% + 62/\/’5 4+ e,,,lM,',’*1 + e, M)

» An analogous set of equations hold if M is lower triangular
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Determinant of
Diagonal and
Triangular
Matrices

Determinant of a Triangular Matrix

» Let E = (ey,...,e,) be a triangular basis for L : V — such that
L(E) = EM,
where M is upper triangular
» Let Dg € A"V* be as before
» Then
det(L) = De(L(e1), L(e2),- -+, L(en)
= De(etM}, esM; + M3, etM} + -+ + e, M))
= M{De(er,erMy + M2, - et M} + - -+ + e, M)
= M{M;Dg(er, &2, &1 M} + e2M5 + esM3, ... e,M])
= M}M3 .- M"De(ey, ..., e)
=MMZ.--M"
» |t follows that if M is upper triangular, its determinant is the

product of its diagonal elements

» A similar calculation shows the same for a lower triangular matrix
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Eigenvalues and Eigenvectors of a Linear
Transformation

» Consider a linear transformation L: V — V
» A scalar A € F is called an eigenvalue of L if there is a nonzero
vector v € V such that any of the following equivalent
statements hold:
SN Lv)=Av < (L=A)v=0
< veker(L—A)

» The vector v is called an eigenvector for the eigenvalue A
» )\ € F is an eigenvalue of L if and only if the following equivalent
statements hold:

dim(ker(L—=X)) >0 < det(L— M) =0
» The eigenspace for an eigenvalue A of L is
Ex(L) =ker(L=X)={veV : L(v)=Av}

» E5(L) is a linear subspace of V
» The geometric multiplicity of the eigenvalue A is dim(Ex(L))
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Eigenvalues and Eigenvectors of a Square Matrix

» A scalar A € F is an eigenvalue of a matrix M € gl(n,F) if
there is a nonzero vector v € F” such that any of the following
equivalent statements hold:

Mv=Xv < (M=X)v=0
Eigenvalues and
Eigenvectors < v e ker(M—\l)

» The vector v is called an eigenvector for the eigenvalue A

» )\ € F is an eigenvalue of M if and only if the following
equivalent statements hold:

dim(ker(M — A\l)) >0 < det(M —Xl)=0
» The eigenspace for an eigenvalue A is the subspace
Ex(M)=ker(M —=X)={veV: Mv=2X\v}

» The geometric multiplicity of the eigenvalue A is dim(Ex(M))
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Eigenvalues of Linear Transformation Versus Matrix

» Let L: V — V be a linear transformation
> let E = (ey,...,e,) be a basis of V and M be the matrix such
that
Eigenvalues and L(E) = EM

Eigenvectors

» If v = Eais an eigenvector of L for an eigenvalue A, then
Av=L(v)=L(Ea)=L(E)a= EMa

and therefore
NEa = EMa

» [t follows that
Ma = )a,

» Therefore, v = Ea is an eigenvector of L for the eigenvalue \ if
and only if a € F” is an eigenvector of M for the eigenvalue A
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Linear Transformation With Respect To Different
Bases

» Let E and F be bases of V _
> There exists a matrix S such that f, = ¢;5], i.e.,

F=ESand E=FS!
» Given a map L: V — V, there are matrices M and N such that
L(E) = EM and L(F) = FN
» On the other hand,
FN = L(F) = L(ES) = L(E)S = EMS = FS™'MS

Eigenvalues and
Eigenvectors

and therefore,
N=S"1tMS

» |f v = Ea= Fb, then
L(v) = EMa = FNb = ESNb = ESS™*MSb = EMSb

» Therefore,
a=Sband b= 5713
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Eigenvalues, and Eigenvectors of Similar Matrices

» Two matrices M and N are called similar if there is an invertible

matrix S such that
Eigenvalues and N = S_IMS

Eigenvectors

or, equivalently,
M = SNS~!

» If M and N are similar, then det M = det N

» M and N have the same eigenvalues, because if a is an
eigenvector of M for the eigenvalue A and b= S~ 1a, then

Nb=S"'MShb=S" Ma=S"1(Na)=ASta=\b
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Characteristic Polynomial of a Matrix

> Let & be the element in the j-th row and k-column of the
identity matrix, i.e.,

5 = 1 ifj=k
Eigenvalues and 0 |fj # k

Eigenvectors

» Observe that the function py : F — F given by

pm(x) = det(M — XI)

=" o)M= x)]D - (M = x1)g™)
oc€ES,

- Z _ x6 ) (M) — xgg(m)y
o€ES,

is a polynomial in x of degree n
» py is the characteristic polynomial of M
» x is a root of py if and only if it is an eigenvalue for M
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Characteristic Polynomial of a Linear
Transformation

» Let L: V — V be a linear transformation
» Define py : F — F by

Eipenvcios pL(x) = det(L — xI)
» If E is a basis and L(E) = EM, then
(L—xI(E)=E(M —xl)
and therefore

pr(x) = det(L — xI) = det(M — xI) = pu(x)

» It follows that p; is a polynomial of degree n
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Similar Matrices Have the Same Characteristic
Polynomial

> Proof 1: If L(E) = EM and L(F) = FN, then

pm(x) = p(x) = pn(x)

Eigenvalues and

Eigenvectors » Proof 2: If M = SNS~1, then
M —xl =S(N —xI)S™!
and therefore

pm(x) = det(M — xI)
= det(S(N — x/)S™1)
= det(S) det(N — x/) det(S71)
= det(N — xI) = pn(x)
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Examples

> Let

0 0
Eigenvalues and Z = s
Eigenvectors 0 0

» Zv = 0v for any v € R? and therefore 0 is the only eigenvalue
» Any nonzero vector v € R? is an eigenvector

» The characteristic polynomial is

pz(x)—det(Z—xl)_det<[8 8}_4(1) (1)]>—x2
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Examples

a 0 vi a 0] [v! avl
> 00~ |5 ) weno [ =[5 ) [ - 24

» If x = a = b, then the only eigenvalue is x
> Every v € R? is an eigenvector
Eigenvalues and » If a = b, then the only eigenvalues are a and b

Eigenvectors

» The eigenvectors for the eigenvalue a are

m —x H , x € F\{0}

> The eigenvectors for the eigenvalue b are

m —x m . x € F\{0}

X
» The characteristic polynomial is

pD(X)_det(D—X/)—X|:a6X ng] =(a—x)(b—x)
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Examples

=y ol menali] = [7 o] 5] = 3]

The only eigenvalues are 1, —1

v

vy

The eigenvectors for the eigenvalue 1 are

Eigenvalues and
Eigenvectors

m , x € F\{0}

v

The eigenvectors for the eigenvalue —1 are

{_XX} , x € F\{0}

v

The characteristic polynomial is

o} ]+ 1) -



Examples

0 -1 vi 0 —1] [v!
7B = L 0} then B H - L O} H
There are no real eigenvalues

The complex eigenvalues are i, —i
The eigenvectors for the eigenvalue i are

}—X[H,XEF\{O}

» The eigenvectors for the eigenvalue —i are

H — x H , x € F\{0}

ix

I

|
<,_. <
[¥]
(I

vvyvy Vv

Eigenvalues and

Eigenvectors IX
—X

» The characteristic polynomial is
pa(x) = det(B — xI)

()
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Complex Versus Real Eigenvalues

>

>

Eigenvalues and
Eigenvectors

If an n — by — n matrix contains only real entries, it can have
anywhere from 0 to n eigenvalues

A polynomial with complex coefficients

p(x) = ao + arx + - - apx",

where a, # 0 with complex coefficients can always be factored
into n linear factors

p(x) = an(n — x) -~ (ra — x)

A complex matrix A always has anywhere from 1 to n
eigenvalues, where an eigenvalue might appear more than once
in the factorization of pa

The algebraic multiplicity of an eigenvalue )\ is the number of
linear factors equal to (A — x) in pa
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Examples

3 0 0
> letD=|0 -2 0
0 0 3

» The eigenvalues of D are —2,3
» The characteristic polynomial of D is

Eigenvalues and

po(N) = (x — 3)(x +2)(x ~ 3) = (x — 3)2(x +2)
» The eigenvalue 3 has multiplicity 2, and the eigenvalue 2 has
multiplicity 1
» The eigenvectors for the eigenvalue —2 are
0 0
x| =x|1|, x e F\{0}
0 0
» The eigenvectors for the eigenvalue 3 are
x! 1 0
0| =x*[0| +x2|0|, xc F\{0}
X2 0 1
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Examples

11
> Letl\/lz{o 1}

» The characteristic polynomial of M is

Eigenvalues and

Eigenvectors 1-A 1
pM()\)zdet(M—)\/):det<[ 0 1_>\]> =(1-)\)7?

» The only eigenvalue is 1 with multiplicity 2

> Since vl 1 1] [v? vi
] =m=[o 3] [ = [

the eigenvectors of the eigenvalue 1 are

HEH
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Eigenvalues and Eigenvectors of a Diagonalizable
Linear Transformation

» Let E = (ey,...,e,) be a diagonal basisof L: V — V

Eigenvalues and » For each e, there is a di € IF such that

Eigenvectors

L(ek) = dkek

» Since ex # 0, it follows that each e is an eigenvector for the
eigenvalue dj

» Conversely, if there exists a basis of eigenvectors, (ey, ..., e,)
with corresponding eigenvalues Ag, ..., A,, then (e1,...,€,) is a
diagonal basis for L
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Characteristic Polynomial and Determinant of
Triangular Matrix

» The matrix M — x/ is also triangular, and its diagonal elements

Eigenvalues and are
Eigenvectors

M} —x,...,M" - x
» The characteristic polynomial of a triangular matrix M is
pm(A) = (M} — XY« (M = Xl)

» The eigenvalues of M are the diagonal elements of M

» The eigenvectors have no simple formula
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