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Diagonalizable
Transformations
and Matrices

Diagonalizable Transformations and Matrices

» Recall that a linear transformation L : V — V is diagonalizable

if there exists a basis (vq,...,v,) and scalars Ay, ..., \, such
that for each k € {1,...,n}

L(vic) = kv,

i.e., V has a basis of eigenvectors of L

A matrix is diagonal if the standard basis vectors of F” are
eigenvectors

A matrix M is diagonalizable if it is similar to a diagonal matrix

Equivalently, there exists an invertible matrix S such that the
matrix
D=S"1MS

is diagonal
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Diagonalizable
Transformations
and Matrices

Diagonalization of a Matrix

\4

Let (eq,...,e,) be the standard basis of F"
Let M be a diagonalizable matrix

Let (v1,...,v,) be a basis of eigenvectors of M with
corresponding eigenvalues A1, ..., A,
Let S be the matrix such that for each k € {1,...,n},

Sek = Vg,

i.e., the columns of S are the eigenvectors vy, v, ..., v,
If D = S~1MS, then for each standard basis vector e,

Dey = 5_1/\/ISek = S_IMVk = 5_1(/\ka) = /\kS_lvk = \kéx

Therefore, the matrix D = S™'MS is diagonal, where the
elements along the diagonal are (Ay,...,\,)
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Diagonalizable Matrix with Given Eigenvectors and
Eigenvalues

» Conversely, given

Diagonalizable

Transformations » (c1,...,¢cn) is a basis of F"
> di,...,d, €F,
let
» D be the diagonal matrix whose elements along the diagonal are
(di,...,dn)
»> S be the matrix whose columns are (ci, ..., cn),
» M=5SDS!

» For each k € {1,...,n},
Mc, = 5D571Ck = SDe = Sdiei = d,Sei = dicx

» |t follows that (¢, ..., c,) is a basis of eigenvectors of M, and
the corresponding eigenvalues are (dy, ..., d,)
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Linear Transformation With Distinct Eigenvalues
Diagonalizable

S

Diagonalizable
Transformations
and Matrices

» Theorem. /fdim(V)=nand L:V — V be a linear
transformation with n distinct eigenvalues A1, ..., \,, i.e.,

JEK = N #

then L is diagonalizable
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Proof

» Let vi,..., Vv, be eigenvectors for the eigenvalues A1,..., A,
respectively
Diagonalizaple » Proof is by mathematical induction
el Masrces > We want to prove the following: For each j € {1,...,n}, the set
{v1,...,v;} is linearly independent

» Since vy # 0, this statement is true when j = 1

» We want to show that if the statement is true for j = k < n,
then it is also true for j = k + 1

> If vial + - 4 veaX + vt =0, then

0=(L—Mesal)(via + - + vea + i)
= (L(v1) = Meva)at + -+ 4 (L(vis1) — Aegavirn)a ™!
= via* (A1 — Meg1) + -+ i@ (e — Aies1)

L Nkr1 — Akr1)

+ Vkt1a
=via* (A1 — Ag1) + - 4+ i@ (e — Aer1)
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Linear Transformation With Distinct Eigenvalues
(Part 2)

» Since vy, ..., v, are linearly independent, it follows that

Diagonalizable 31()\1 _ )\k+1) .= ak—l()\k _ )\k+1) =0

Transformations
and Matrices

> Since \j — Axy1 # 0 for each j € {1,..., k}, it follows that
A =—...=3k=0
» This implies that
Vg1t = —(vat +-- -+ va) =0

Since vj1 # 0, it follows that a¥T1 =0
Therefore, a3 = -+ = ax11 =0
This implies that {vi,..., vk41} is linearly independent

By induction, it follows that vi,..., v, is basis of V

vVvyVvyVvVvyy

Therefore, L is diagonalizable
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Direct Sum of Subspaces

» Let Vi,..., Vi be subspaces of V

» {Vi,..., Vk}is a linearly independent set of subspaces if for
Diagonalzable any nonzero vectors
and Matrices
Vi € Vl, Vo € V27...,Vk S Vk7
the set {v1,..., vk} is linearly independent
» Equivalently, {Vq,..., Vi} is linearly independent if for any
vectors v; € Vq,..., v € Vi,
V]_+V2+"‘+Vk:0 £ V1:V2:"':Vk:0
» Equivalently, {V4,..., Vi} is linearly independent if for any
Vi, Wi € V17"'3Vk7Wk € ka
VitVot- Ve =witWot- W = Vi = Wp,..., Vk = W
> If {Vi, Vo, ..., Vi} is linearly independent, then their direct

sum is defined to be
ViaVod - @ Ve=span(ViUWV,U---U V)
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Examples

> (51,5}, where 51, S, C IF? are given by

Diagonalizable
Transformations

and Matrices 51 = span(el)
S, = span(e),
is linearly independent

» If {vi,..., v} is linearly independent and for each

Jje{1,... k},
V; = span(v)),

then {V4,..., Vi} is a linearly independent set of subspaces
> If (e1, 2, €3, €4) is a basis of V and

S= Span(ela €2, 63), T = span(e4)7

then V=Sa& T
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Eigenspaces of Distinct Eigenvalues are Linearly
Independent (Part 1)

Diagonalizable
Transformations

and Matrices » We want to prove: If \1,..., \x are distinct eigenvalues of
L:V — V, then their eigenspaces Ey,, ..., Ey, are linearly
independent

» Prove by induction that for any 1 < j < k
V1+.+VJ:0 — Vl:...:vjzo

» This holds for j =1

» Inductive step: Assume that it holds for j < k and prove it also
holds holds for j 41
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Eigenspaces of Distinct Eigenvalues are Linearly
Independent (Part 2)

» Suppose v; € Ey,,..., Vi1 € Ey,,, satisfy

Diagonalizable vi+-+vip= 0 (]_)

Transformations
and Matrices

» Since (L — A\j+1/)(vj41) = 0, it follows that

0=(L=Nsal)(vi+ -+ vjs1)
=M= A+ (= M)y

» By the inductive assumption,
A=A == (N = A1)y =0
» Since A\; — A\j11 # 0 for each 1 < i <,
vp=--=v=0

> By (1), it follows that vj1; =0
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Eigenspaces of Distinct Eigenvalues are Linearly
Independent (Part 3)

Diagonalizable
Transformations
and Matrices

» By induction,
V1+"'+Vk:0 :> V1:"':Vk:O

» This implies that E), ..., Ex, are linearly independent

13/39



Diagonalizability of a Linear Transformation (Part

1)

v

Let A1,..., Ax be the distinct eigenvaluesof L: V — V
» Theorem. L is diagonalizable if and only if

Diagonalizable
Transformations

and Mt dim(Ex,) + - + dim(Ey,) = dim V/
» Let ngp = Np =0 and, for each j € {1,...,k}, let
nj =dim(Ey;) and N; = ny +--- + n;
» In particular, for each j € {1,...,k}
Nj = Nj—1 = n;
and Ny =nm+---+nc=n
» For each j € {1,...,k}, let
(VN,-_1+17"' 7VN,-)

be a basis of Ej,
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Diagonalizability of a Linear Transformation (Part
2)

» Suppose
atvy +---+a"v, =0,

Diagonalizable

Transformati [
Transformations » For each j € {1,...,k}, let

N;—1+1 N;
VVJ-:aJ 1+ ij_1+...+a jVNjGE)\j

» Since the eigenspaces are linearly independent and
wy + -+ + wy = 0, it follows that

W].:"':Wk:O

» In particular, for each j € {1,..., k},

O = VVJ = aNj71+1VNj,1 + e + aNf\/Nj7
which implies aVi—1t1 = ... = 3N =0
» Therefore, (v1,...,V,) is a basis of V

» This shows that L is diagonal with respect to this basis
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Dot Product on R”

» Recall that the dot product of

. n
,w= || €eR
Inner Product

Space v

is defined to be

vew=vinl4+ o v =viw=wTv

» The norm or magnitude of v € R" is defined to be
vl =lv][=vv-v
» If v and w are nonzero and the angle at 0 from v to w is 6, then

vV-ow
cosf =

|v[|wl
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Inner Product
Space

Properties of Dot Product

» The dot product is bilinear because for any a, b € R and
u,v,w e R",

(au+bv) -w=a(u-w)+ b(v-w)
u-(av+bw)=a(u-v)+ b(u-w)

» It is symmetric, because for any v, w € R”,
V-W=Ww:--V
» |t is positive definite, because for any v € R”,
v-v>0
and

v-v=0 <= v=0

17/39



Inner Product on Real Vector Space

» Let V be an n-dimensional real vector space
» Consider a function
a:VxV =R

» |t is bilinear if for any a,b € R and u,v,w € V,
Inner Product
Space alau+ bv,w) = aa(u, w) + ba(v, w)

a(u,av + bw) = aa(u, v) + ba(u, w)
A bilinear function is also called a 2-tensor
» |t is symmetric if for any v,w € V,

a(v,w) = a(w,v)
> |t is positive definite if for any v € V,
afv,v) >0

and
alv,v) >0 <= v#0
» Any positive definite symmetric 2-tensor on a real vector space

V is called an inner product
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Standard Hermitian Inner Product on C”

» Recall that if z= x4+ iy € C, then its conjugate is
Z=x—1ly

If z,w € C, then Zw = Zw and magnitude is |z| > 0, where
Inner Product
Space

» If z,w € C, then zZw = zw
» The standard Hermitian inner product on C” of

is defined to be

T

(vyw)=w'v+. + WV =wv=w'veC,

where w* = wT
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Not a Real Inner Product

» Not bilinear, because if ¢ € C,
(v,ew) = &(v, w)

Inner Product » Not symmetric, because

Space

(w,v) =(v,w)
» It is positive definite, because for any v € C”,
(V,V): v1‘71+._._~_vn‘7n: |V1|2+~-~+|Vn‘2 20’

and
(v,v)=0 < v=0

» The norm of v € C" is defined to be
vl = vl = +/(v,v)
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Properties of Hermitian Inner Product on C”

» |t is a linear function of the first argument, because for any
a,beC, uv,weC"
Inner Product

Space (au + bv, w) = a(u, w) + b(v, w)

» It is a conjugate linear function of the second argument, which
means that for any a,b € C, u,v,w € C",

(w, au+ bv) = a(w, u) + b(w, v)

» |t is Hermitian, which means

(v,w) = (w,v)

» No geometric interpretation of the Hermitian inner product
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Hermitian Inner Product of a Complex Vector
Space

» An inner product over a complex vector space V is positive
definite Hermitian 2-tensor

Inner Product
Space

(w):VxV =T

» In other words, for any a,b € F and u,v,w € V,

(au+ bv,w) = a(u, w) + b(v, w)
(w,v) = (v, w)
(v,v) >0
(v,v) #0 <= v#0
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Inner Product
Space

Examples of Inner Products on Real Vector Spaces

» Standard inner product on R”

» Space of polynomials of degree n or less with real coefficients
with the inner product

t=1
(fe)= [ fos(e)an

» Space of real matrices with n rows and m columns with the
inner product

(A, B) = trace(BT A) = Z Z BlAL

1<k<m1<j<n
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Inner Product
Space

Examples of Hermitian Inner Products on Complex
Vector Spaces

» Standard Hermitian inner product on C”

» Space of polynomials of degree n or less with complex
coefficients with the inner product

t=1
(fe)= [ roEEa

» Space of complex matrices with n rows and m columns with the
inner product

(A, B) = trace(B*A) Z Z BIA,

1<k<m1<j<n
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Nondegeneracy Property

» Fact: If a vector v € V satisfies the following property:

Ywe V, (v,w) =0,

Inner Product
Space

then v =0
» Corollary: If vi, v € V satisfy the property that
Vw € V7 (V17 W) = (V27 W)a

then Vi =W
» Corollary: If ‘Ly,L; : V — W are linear maps such that

YveV, weW, (Li(v),w) = (La(v), w),

then L1 = L2
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Fundamental Inequalities

» Cauchy-Schwarz inequality: For any v,w € V,
(v, w)| < [v]|w]

Inner Product and
Space

(v, w)| = |v]|w]
if and only if there exists s € F such that
vV =Sworw=sv
» Triangle inequality: For any v,w € V,

v+ wl < |v|+|w

and

v+ w|=|v[+]|w]
if and only if there is a positive real scalar r such that v = rw or
W =rv
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Proof of Triangle Inequality

» The triangle inequality follows easily from Cauchy-Schwarz
inequality
v+ w)?=(v+wv+w)
= [V + (v w) + (o) + [w?
< VP (v, W)+ [(w, V)| + [wf?
< V[P +2)v][w| + w]?
= (lv] + wl])?
» If [v+ w| = |v| + |w]|, then
(v, w)| = [(v, w)| = |v[|w],

» If w # 0, then there exists a scalar t such that v = tw
» Therefore,

[t 1P = [tw + wf = [tw]? + |w]? = (|t + 1) |w]?

7

which implies that t = £, i.e., t € R
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Polarization ldentities

Inner Product » On R"
Space
1 2 2
(v,w) =2 (lv+wl” = v —wl)
» On C"

1
(v,w) = Z(|V+ wl> +ilv +iw)? — v — w? —ilv — iw|?)
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Inner Product
Space

Norm Defined by Inner Product

» The norm of v € V,
vl =+/(v,v)

satisfies the following properties for any s € F, v,w € V

[sv] = |s||v| (Homogeneity)
[v| >0 (Nonnegativity)
[v|]=0 <= v=0 (Nondegeneracy)
v+ w| <|v|+|w] (Triangle inequality)

» Homogeneity and the triangle inequality imply convexity: For
any0<t<land v,w eV,

(1= t)v + tw| < (1 —t)|v] + t|w]
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Norm

» A norm on a vector space V over I is a function

Inner Product

Space g:V =R,

that satisfies for any s € F and v,w € V,

|sv] = |s||v| (Homogeneity)
[v| >0 (Nonnegativity)
lv|]=0 <= v=0 (Nondegeneracy)
v+ w| <|v|+|w] (Triangle inequality)
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Inner Product
Space

Examples of Norms

» Given 1 < p < oo, the £, norm of v € IF" is defined to be
Vlp = (VHP 4+ 4 V7 [P)/P
» The ¢, norm of v € F" is defined to be

Vlow = max((v}],.... v]) = lim_[v],

» The L, norm of a continuous function f : [0,1] — C is defined

to be
x=1
Il = ([ 1 o)

» The L norm of a continuous function f : [0,1] — C is defined
to be

1/p

IFlloe = sup{IF()] = 0 <x <1} = lim_[If],
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Inner Product
Space

Parallelogram ldentity

» A norm | - | on a vector space V satisfies the parallelogram
identity

v+ w2+ |v—wP =2(v]? +|w[?), Vv,we V
if and only if there is an inner product on V such that

V> = (v, v)
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Orthogonality For Standard Dot Product on R”

» The following are synonyms: orthogonal, perpendicular, normal
Inner Produc
Space ' » On R",
> Two vectors vi, v» are called orthogonal if

Vi Vo = 0
» A basis (v1,...,Vs) is called orthonormal if for any 1 < i,j < n,
1 ifi=j
viovp =6 = L
0 ifi#]
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Orthogonality on an Inner Product Space

» Let V be an n-dimensional vector space over F with inner
product (-, -)

Inner Product
Space

» Two vectors vy, v» are orthogonal if

(vi,») =0
» Vectors v, ..., vk are mutually orthogonal if for every
1<i<j<k,
(Vi7 VJ) # 0

» A set of nonzero muturally orthogonal vectors is called an
orthogonal set
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Linear Independence of Orthogonal Set

» An orthogonal set is linearly independent, because if

atvy + -+ av =0,

then for any j € {1,..., k},

Inner Product
Space

0= (vj,a'vi + - +aw) = (v

Since v; # 0, (v}, vj) # 0 and therefore & =0

> If

v:alv1—|—-~-—|—akvk,

then for each j € {1,...,k},

and

4 = (v, Vj)

vl
_ (v,n) Jr'.'JF(V,Vk)
v |vil

» Any orthogonal set of n vectors is a basis
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Inner Product
Space

Orthonormal Set and Basis

» {vi,..., v} C Vis called an orthonormal set if for any

1<i,j <k,
(Vi7 VJ) = 6U
If F = C, such a set is also called a unitary set
An orthonormal set of n elements is called an orthonormal or
unitary basis
Any orthogonal set {vi,..., vk} can be turned into an

orthonormal set,
e i)
vl v

An orthormal or unitary basis is an orthonormal set with n

elements,
E=(e,...,en)CV

If v=ale; + -+ a"e,, then
aj=(v,g)
l.e.,

V= (Va el)el +e (Va en)en
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Example: Finite Fourier Decomposition (Part 1)

» For each —N < k < N, consider

vk : [0,27] — C
Inner Product

Space 0'_>eik0
> Let
V:{a’NvN+~~-+a°+...+aNVN . (317...,3N)€(C2N+1},

» Vs a (2N + 1)-dimensional complex vector space
» Consider the inner product

(5)= | T )R do

=0
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Finite Fourier Decomposition (Part 2)

» If j # k, then
60=2m o
(o) = [ e ag
0=0
\SnpnaecreProduct B eii—k)o o=2m
i(j— k) 6=0
60=2m
(Vk, Vk) = / 1d6
0=0
=27
» Therefore, (v_p, ..., vy) is an orthogonal basis, and
(u—n,-..,un), where
Vi
ug = , —N < k<N,
K Jon <k<

is an orthonormal basis
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Inner Product
Space

Finite Fourier Decomposition (Part 3)

> Given any f : C°([0,27]), let
(@) =aNu_n+---+a"u,

where

ak = (f,u) e 0 dp

9271'
\/ 21 /9

» When is fy is a good approximation to 7
» When is

k=00
= Z au?

k=—o00
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