CURVATURE AND THE THEOREMA EGREGIUM OF GAUSS

DEANE YANG

In this note, we describe a simple way to define the second fundamental form of a hypersur-
face in R™ and use it to prove Gauss’s Theorema Egregium, as well as its analogue in higher
dimensions. The proof can be extended to submanifolds of higher codimension.

1. RIGID MOTIONS

Let e, ..., e, denote the standard basis of R”. Given a nonzero vector v € R", let v+ denote
the linear hyperplane normal to v.
A rigid motion is a map ®: R” — R" given by

O(z) = Az + b,

where A € SO(n) and b € R™.

A simple fact that we will use is the following: Given any x € R" and hyperplane P passing
through z, there exists a rigid motion R such that R(x) = 0 and R(P) = e:-. The rigid motion
is unique up to a rotation of e}l.

2. DEFINITION OF A HYPERSURFACE

A hypersurface is a subset S C R™ such that for each x € S, there exists a hyperplane T’
passing through x such that a neighborhood of x in S is graph of a smooth function over the
plane T'.

In other words, S is a hypersurface if for any x € S, there exists a hyperplane T, containing
x with normal v and a continuous function f : T, — R such that

flz) =0,
and there exists a neighborhood D C T, of x such that
y+ f(y)v € S for each y € D.

If df (z) = 0, then we call v a normal and T the tangent plane to S at z. If |v| = 1, then it is
called a unit normal.

If S is a hypersurface and x € S, then the tangent plane T, is unique. The unit normal v
and therefore the function f restricted to a sufficiently small neighborhood of z € T" are unique
up to sign.

Given any z € S and unit normal v at z, there is a rigid motion R that moves = to the
origin and v to e3. In particular, R(S) is locally the graph of a function f over the horizontal
plane e;. The rigid motion and therefore the function f are uniquely defined up to a rotation
of et. Tt follows that any function of f and its derivatives, evaluated at x, that is invariant
under rotations of e} and changes of the sign of f is a pointwise geometric invariant of S.
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3. THE SECOND FUNDAMENTAL FORM

We can therefore assume below that z = 0 and v = ¢, and T = e;-. Since S is the graph of
f in a neighborhood of 0, it is locally the image of the smooth embedding

y—=y+ flx)en,yeT.
Since the tangent plane 7" is horizontal at © = 0,
df(0) = 0.

Since f(0) = 0 and df (0) = 0, the simplest geometric invariants of S are defined in terms of the
Hessian of f at 0, which is uniquely defined up to rotations of T'. It follws that any function
of the eigenvalues of 9%(0)f defines a local geometric invariant, up to sign, of S. Any even
function is a geometric invariant. In particular, if n = 2, the determinant of 9%f(0) is a local
geometric invariant known as Gauss curvature.

The pullback of the Hessian to T, is the second fundamental form of S at x.

4. ISOMETRIC HYPERSURFACES
Two hypersurfaces S and S are isometric if there exists a smooth diffeomorphism
d:8 8

such that the length of any smooth curve C' C S is equal to the length of the curve ®(C') C S.
If £ = ®(x), we can always move the two hypersurfaces, as described above, so that & = = = 0,

T, =1T,="1T,S is the graph of a function f and S the graph of another function f . Moreover,
there is a diffeomorphism ¢ : T'— T such that

Oy + f(y)en) = 0(y) + F(D(y))en.
The diffeomoprhism & : S — S preserves the lengths of all curves if and only if
95y - 0;9 = Oy - O;y,
where
§ = ¢ (@)er + f(o(2))en
Y= xiei + f(‘r)ena
for each x € T'. In other words,
(1) 8,0 - 8;0 + O, f0; 07D, f0,00 = b5 + D f D, f.
Note that
0:(0) = 0,/(0) =0
0 (0) = &7,
for all 1 <1i,5 <n — 1. Therefore, if we differentiate (1) and evaluate at = = 0, we get
O + 0%.0" = 0.
It follows, by the usual argument,

(2) Op¢ = —03¢" = 05,0 = ~03 ¢,
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that 07,¢'(0) = 0. If we differentiate (1) again, evaluate at x = 0, and cycle through the indices
1,7, k,l, we get

(3) O’ + O’ + 0505 f + O f O3 f = O3 f O f + O3 f O3 f
(4) 0%:0" + 03, + O fORf + O3 foRf = 0% fO%f + O fORf
(5) Op;0' + Oy 0" + RS OLf + OF FORf = OR fOR f + Oy fOLf
(6) O’ + 050 + O f S + OpfO5f = OF fOf + 031 O3
Therefore,

(7) (3) = (4)+(5) — (6)

eliminates ¢ and gives
(8) OafO%f — 0105 = O3S O3S — RSO3 S.
It follows that if eq,..., e, of T, comprise an orthonormal basis of T}, ¢; = ®.e;, 1 < i < n, the
corresponding orthonormal basis of T}, and
Hij = a?jf (0)

are the second fundamental forms of S and S , then

~

Rijii = Rijp,
where
Rijw = HyHjy — HyHjy,

~

Riji = HyHy — HyHjy,

These are, of course, the Riemann curvature tensors of S and S. That they are the same for
the two surfaces, which have the same intrinsic but not necessarily the same extrinsic geometry,
shows that the Riemann curvature tensor is an intrinsic geometric invariant for hypersurfaces
in R™.

If n = 2, then this proves the Theorema Egregium of Gauss, because the only nonzero
component of R is the Gauss curvature K = Ri919 = det H.

5. TENSOR IDENTITIES

Most of the proof above involves only differentiation and straightforward calculations. The
only significant steps are the following:

(1) Definition of a hypersurface
(2) If a map between two hypersurfaces preserves lengths of curves, then the map satisfies

(1).
(3) Most importantly, the tensor calculations done in (2) and (7). These are equivalent to
the following tensor identities:

(T® S*T)N (AM*T®T) = {0}
(T ® S*T) N (A*T ® A*T) = {0}.
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