HOLONOMY IS CURVATURE

DEANE YANG

Let E be a vector bundle over a smooth manifold M and V a connection on E. The
curvature of the connection is the section Q of A*7T*M ® Aut(E) such that

(1) Q(X, Y)e = ([Vx, Vy] — V[X,y])e e b,

foranyx € M, X,)Y € T,M, e € E,.
Given a smooth curve c: [0,1] — M, the parallel transport of e € E, ) along c is defined
to be the section f : [0,1] — E such that the following hold for each t € [0, 1]:

f(t) € Eqy
f(0)
va<t) =0,

e

where T' = 0;. Denote P.e = f(1).
Let ¢ : [0,1] — M be a C' null-homotopic curve based at x. There exists a C' map
C :[0,1] x [0,1] — M satisfying the following for each 0 < s,t < 1:

C0,t) ==z
C(1,t) = c(t)
C(s,0) =z
C(s,1) ==z

Given e, € E,, let e : [0,1] X [0,1] = E be C? section of C*E satisfying the following for
all 0 <s,t <1:

6(8, t) € EC(s t)
e(s,0) = e,
VTe(l, t) =0
Vse(s,t) =0,
where S = 0, and T = 0;. In particular,
e(s, 1) = Pe.e,.
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Let E* be the dual vector bundle of E. Given ¢, € EX, let € : [0,1] x [0,1] — E* satisfy
the following for all 0 < s,¢ < 1:

*

€ Ec(s

It follows that
VT€<O, f}) = 0.

Lemma 1.

(e, Pats — 0) — / (e(s,1), C" Q).
[0,1]x[0,1]

Proof.

_ /t T Vre(0.t) di
- [ Vi - | 06 Vae(s. 1)) dsar

t= s=0

0
t=1 s=1
= —/ / (e,VsVre(s,t)) dsdt
t= s=0

0

t=1 s=1
_ / / (e, QC.T, C.8)e(s, 1)) ds dt
t=0 s=0

/ (e,C*Q)e.
[0,1]x[0,1]



