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Matrices

» A column matrix with r rows is of the form

A=1:1,

al’

» A row matrix with s columns is of the form
B = [bl . bs]

» A matrix with r rows and s columns is of the form

1 1
my - myg
M—

mi “ e m

0~
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Product of a Row Matrix and a Column Matrix

» The matrix product of a row matrix B with s columns and a
column matrix A with r rows is defined only when r = s:

BA=[bi --- b

[0

= biat + - + bsa®
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Product of a Column Matrix and a Row Matrix

» The matrix product of a column matrix A with r rows and a
row matrix B with s columns is defined to be the r-by-s

matrix

AB =

[bl : bs]
al’
alh; albs
E a’" b
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Generalized Matrix Multiplication

» The formulas for BA and AB are valid if any of the following
hold:

» B is a row matrix of scalars and A is a column matrix of
scalars

» Then BA is a scalar and AB is a scalar-valued matrix

» B is a row matrix of vectors and A is a column matrix of
scalars

» Then BA is a vector and AB is a vector-valued matrix

» B is a row matrix of scalars and A is a column matrix of
vectors

» Then BA is a vector and AB is a vector-valued matrix

» The formulas are invalid if B and A are both matrices of
vectors
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Generalized Matrices

» An r-by-s matrix is of the form

1 1

my Mg

M= : -
r r

ml PR mS

» M is a matrix or scalar-valued matrix if each mf( is a scalar
» M is a vector-valued matrix if each m{( is a vector

» M is a matrix-valued matrix if each mf( is a matrix
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Matrix as Generalized Column Matrix

» M can be written as a column matrix of row matrices
Rl
M=1|:1,
Rr

where, for each 1 < j <rr,

RJ:[m{ ,,g]
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Matrix as Generalized Row Matrix

» M can be written as a row matrix of column matrices
M=[a - .

where, for each 1 < k < s,

Cr =
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Matrix Multiplication

> If Ais an r-by-s matrix and B is an s-by-t matrix, then

Rl

>
I

: andB:[Cl Ct],

Rr
where each R/ is a row matrix with s columns and each C is
a column matrix with s rows

» The matrix product of A and B is defined to be the r-by-t

matrix
Rl R'C, R'G, --- R
R?C; R°C, --- R2G
AB=|:|[G - G]=| . : : .
R : : : :
R'C; RG --- R'G
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Scalar-Valued Matrices

» Most matrices will be scalar-valued matrices

» The set of all scalar-valued matrices with r rows and ¢
columns will be denoted M,

» The matrix in M,y that has all zeros is called the zero
matrix and will be denoted by 0.« or simply 0

» Observe that M, is itself an abstract vector space, where
the zero vector is the zero matrix

» The set of r-by-c vector-valued matrices, where the vectors
are in a vector space V, will be denoted M, (V)
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The ldentity Matrix

» Consider the square matrix /,», € M,x,, where, for each
1 <j <r =1 and everything else is zero,

01 0
Ir><r:

» Given any matrix B € M,ys,
Ir><rB = Bls><s =B
» /.., is called the identity matrix and will usually be denoted

by simply /
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Properties of Matrix Multiplication

» Matrix multiplication works only if the number of columns in
the first factor is equal to the number of rows in the second
factor

» If Ais an r-by-s matrix and B is an s-by-t matrix, then AB is
an r-by-t matrix
» Associativity: If Ais an r-by-m matrix and B is an m-by-n
matrix, C is an n-by-c matrix, where at least two of the
matrices are scalar-valued, then

A(BC) = (AB)C

» Distributivity: If Ais an r-by-m matrix and B, C are m-by-
matrices, then

(9]

A(B+ C)=AB+ AC
> 0q><rA = 0q><m and A0m><n = Or><n
» There exist nonzero matrices A and B such that AB = 0,
> /r><rA = A/m><m =A
» IMPORTANT: Matrix multiplication is NOT commutative
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Examples of Matrix Multiplication

[2 3} [o 1] _ [ 2(0) +3(1) 2(1) +3(-1) }
4 -1 [1 —1]  [40)+(-1)(1) 41)+(-1)(-1)

1]
Y R A i
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Basis of Abstract Vector Space as Row Matrix

> A basis of a vector space V will be written as a row matrix of
vectors:

E=(e1,...,em) = [el em]

» For each v € V, there is a unique column matrix of scalars

a
a=(al,...,a" = | :
am
such that
v=ea +---+ena”
5
= [el em] © | =Ea
am
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Change of Basis Matrix

» Let E=(e1,...,em) and F = (f,...,fy) be bases of V

» Since E is a basis, each fi € F can be written as a linear
combination of e, ..., em,

fo = etM} + -+ emM[T

> Equivalently,

F=1[h - fm]

= [eMi+- +emM - eMh+ -+ epMT]
M11 Mrln

= [el .. enJ : :
Mp o M

=EM
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Change of Basis Formula for a Vector

» A vector v € V can be written as a linear combination of the

basis vectors ey, ..., e,
21
— 1 m __ . _
v=ea + tena"=les - ey || =Ea
am
> If F= [fl fm} is also a basis, then there exist
coefficients b = (b, ..., b™) such that

v=Ffib'+-- + fub™ = Fb
» If F=EM and v = Ea = Fb, it follows that
v = Ea but v = Fb = (EM)b = E(Mb)

» Since the coefficients with respect to a basis are unique, it
follows that
a=Mbie, b=M"1a
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Change of Basis Matrices

> Assume
» The basis of each vector space is written as a row matrix
» the coefficients of each vector is written as a column
matrix
» If M is matrix that changes the old basis into the new basis,
then matrix that changes the coefficients of a vector with
respect to the old basis to coefficients with respect to the new
basis is M1
» WARNING: If the basis is written as a column matrix of
vectors, then this is not true
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Examples of Systems of Linear Equations
» The system

2x —3y =5
x+y=-1
3x+5by =0

can be written as

» The system

x+y+z=1
3y —5z=2
can be written as
11 1] %]
03 5| 7|7 |2
z
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General System of Linear Equations
P> A linear system

atxt 4. 4 &l x™ = pt

alxt 4+ 4 alxm™=p"

» Can be written using vectors and a matrix as

ap - ab] [x? bt
5 Sl = |orAx=0,
af am| | X" b"
where
x1 b!] al .. Al
x= |1 | eF" b=|:!]|eF" A= |: :
xM b" | aj --- an

» This is a system of n equations in m unknowns

€ Mpxm
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Really Easy Examples

» 1 equation in 1 unknown (exactly one solution):
x=b < [1] [x] = [b]
» 1 equation in 2 unknowns (infinitely many solutions):
X
x=b e [1 0] M — 5]
» 2 equations in 1 unknown (Zero or one solutions)
x=0 1] = o

» 2 equations in 2 unknowns (Zero, exactly one, or infinitely
many solutions):

s=o = o Ll=L)
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Linear Functions and Maps

» If V is a vector space, then a function £ : V — F is linear, if
for any v,vi,v» € V and s € T,

E(vl + V2) = E(vl) + K(VQ)
l(sv) = st(v)

» Easy to check that ¢(0y) =0

» If V and W are vector spaces, thenamap L:V — W'is
linear, if for any v,vi,vo € V and s € F,

[_(V1 + V2) = L(Vl) + L(Vz)
L(sv) = sL(v)

» Easy to check that L(0y) = Ow
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Abstract Example of a Linear Map

» Let (vi,...,Vvp) be a basis of V
> let wy,...,wpe W
» Define L: V — W as follows:

» Set L(v;) =w;, foreach 1 <i<n
» Since L is linear, it follows that given any

v=alvi+---+a"v, eV,
the following must hold:

L(v) = L(a'vy +---+a"vy)
=all(v)+ - +a"L(vy)

=alwm + -+ a"w,
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Concrete Example of a Linear Map

» Define a map L : F2 — [F? as follows:
L((v},v?) = (3v! —2v2 5v! 4 6v?)
» For example,

[(1,1) = (3—2,5+6) = (1,11)
L(=2,3) = (—6 — 6, —10 + 18) = (—12,8)

» Easy to check this is a linear map

P Using matrix multiplication, this can be written as
i vl 13 =2 vl
v ) T |5 6 | [v?
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