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Examples of Systems of Linear Equations
» The system

2x —3y =5
x+y=-1
3x+5by =0

can be written as

» The system

x+y+z=1
3y —5z=2
can be written as
11 1] %]
03 5| 7|7 |2
z
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General System of Linear Equations
P> A linear system

atxt 4. 4 &l x™ = pt

alxt 4+ 4 alxm™=p"

» Can be written using vectors and a matrix as

ap - ab] [x? bt
5 Sl = |orAx=0,
af am| | X" b"
where
x1 b!] al .. Al
x= |1 | eF" b=|:!]|eF" A= |: :
xM b" | aj --- an

» This is a system of n equations in m unknowns

€ Mpxm
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Really Easy Examples

» 1 equation in 1 unknown (exactly one solution):
x=b < [1] [x] = [b]
» 1 equation in 2 unknowns (infinitely many solutions):
X
x=b e [1 0] M — 5]
» 2 equations in 1 unknown (Zero or one solutions)
x=0 1] = o

» 2 equations in 2 unknowns (Zero, exactly one, or infinitely
many solutions):

s=o = o Ll=L)
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Solving a Linear System (Part 1)

» Suppose we want to solve
2x —4y + 6z =12
3x + 12y + 24z = 36
P> Rescale first equation to make x coefficient equal to 1
xX—2y+3z=6
3x + 12y + 24z =36

» Subtract appropriate multiple of first equation from second
equation to eliminate x from the second equation

X—=2y+3z=6
18y + 15z =18
P> Rescale second equation to make y coefficient equal to 1

x—2y+4+3z=6

y—l—gz:l
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Solving a Linear System (Part 2)
>

X—2y+3z=6
5
+-z=1
Y76
» Subtract appropriate multiple of second equation from first
equation to eliminate y from the first equation

14
—_— :8
X 4+ 3z

5
=1
y+6z

» There are infinitely many solutions

14
_8_7
X = 32

5
y:1—62

zZ =2z
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Solving a Linear System Using the Matrix Equation

>
2x —4y +6z =12 — 2x —4y +6z—-12=0
3x+ 12y + 24z = 36 3x+12y +24z-36=0
X
2 —4 6|12 y | |0
3 12 24|36 z| |0
-1

» Allowed operations
» Switch order of equations <= Switch rows of matrix
» Rescale coefficients of an equation <= Rescale a row of
matrix
» Add scalar multiple of one equation to another <— Add
scalar multiple of one row to another

» The right side consists of elementary row operations
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Example (Part 1)

422 +33 +5x +x° =1
x3+5x* =2
—-3x° =9

O O N

o = W

o 01 G

o =

O© N =

11

X

o O O
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Xl X2 X3 X4 X5 ‘

-2

—-10 O

3
0

%2
2

Xl X2 X3 X4 X5 ‘

Example (Part 2)
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Example
» Left matrix is upper triangular

oXx+y+z =3 21 11[371(°% 0
y—3z =4=— |01 -3|4 i ~ |0
-z =2 00 —1{2]|%| [0

> Work from bottom up:

(2 1 1 [3] [2 1 1 3
01 -3|4| = 01 -3 4
00 —1|2 00 1]-2
(2 1 0] 5 ] [2 0 0] 7

= 01 0|-2 - 01 0|-2
00 1]-2 (0 0 1]-2
(10 0] Z ] x =1

— 01 0]-2 == y =-2
00 1]-2 z =-2
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Solution Strategies

» Suppose you want to solve Ax = b, where A is square
» Above procedure is slow
» LU decomposition
> Try to write A= LU, where L is lower triangular and U is
upper triangular
» First solve for y such that Ly = b

» Then solve for x such that Ux =y
» |t follows that LUx =Ly = b
» Sparse matrix
» A matrix is sparse if many of its entries are zero
» Even better is if there is a pattern in where the zeros are
» There are more efficient strategies to solving Ax = b if A is
sparse
> See slides by Aleksandar Donev (Courant)

12/33


https://cims.nyu.edu/~donev/Teaching/NMI-Fall2014/Lecture3.handout.pdf

Normalization of a Linear System and Matrix

> Row operations

» Switch two rows
P> Rescale a row
» Add a scalar multiple of a row to another row

» Column operation

» Linear system: Change order or names of variables
» Matrix: Change order of columns
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Possible Outcomes of Normalization 1

x! bt
x2 b?
Imxm . =
x.m b™
which is equivalent to
x! = bt
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Possible Outcomes of Normalization 2

SRS
G
[ Dok | Akxm—k | | = | = | ¢
X
. bk
o

which is equivalent to

xt + a,lﬂ_lka 44 abx™ = bt

k k

xK o al xR gk xm = pk
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Possible Outcomes of Normalization 3

[ Dk ] :
On—kxk P

which is equivalent to

bl

bk
bFJrl

bn
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Possible OQutcomes of Normalization 4

C ol T rpl

K K

D i \ Akx m—k X - b
1| = | keI

On—kxk | On—kxm—k xt b+
x™m b"

which is equivalent to

x1+ai+1xk+1+---+a,1nxm:b1

xK 4 af+1xk+1 4o ak x™ = bk
0= bk+1

0=>n"
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Linear Functions and Maps

» If V is a vector space, then a function £ : V — F is linear, if
for any v,vi,v» € V and s € T,

E(vl + V2) = E(vl) + K(VQ)
l(sv) = st(v)

» Easy to check that ¢(0y) =0

» If V and W are vector spaces, thenamap L:V — W'is
linear, if for any v,vi,vo € V and s € F,

[_(V1 + V2) = L(Vl) + L(Vz)
L(sv) = sL(v)

» Easy to check that L(0y) = Ow
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Abstract Example of a Linear Map

» Let (vi,...,Vvp) be a basis of V
> let wy,...,wpe W
» Define L: V — W as follows:

» Set L(v;) =w;, foreach 1 <i<n
» Since L is linear, it follows that given any

v=alvi+---+a"v, eV,
the following must hold:

L(v) = L(a'vy +---+a"vy)
=all(v)+ - +a"L(vy)

=alwm + -+ a"w,
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Concrete Example of a Linear Map

» Define a map L : F2 — [F? as follows:
L((v},v?) = (3v! —2v2 5v! 4 6v?)
» For example,

[(1,1) = (3—2,5+6) = (1,11)
L(=2,3) = (—6 — 6, —10 + 18) = (—12,8)

» Easy to check this is a linear map

P Using matrix multiplication, this can be written as
i vl 13 =2 vl
v ) T |5 6 | [v?
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Differentiation is a Linear Map
» Let C°(R) be the space of functions f : R — R that are
continuous
» Let C!(R) be the space of functions f : R — R such that f
and f’ are continuous
» Both CO(R) and C}(R) are vector spaces
» The differentiation map is
D : CY{R) — C°(R)
fef
» By the sum and constant factor rules of differentiation,
D(h+h)=(h+h)
=fi+h
— D(f)+ D(F)
D(rf) = (rf)
= rf’
= rD(f)
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Linear Maps From F? To 3
» Suppose L : F? — 3 is linear

» Suppose
L((1,0)) = (at, 2%, a%)
L((0,1)) = (b*, b?, b%)
» Given any vector v = (vi,v?) € F?,
L(v) = L(v!(1,0) + v*(0,1))
= v!L((1,0)) + v2L((0,1))
= vi(al, 4%, a%) + v3(bt, b2, b°)

» Any linear map L : F?2 — 3 is given by a matrix A € M3yo,
where
L(v) = Av
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Maps from F™ to [F”

Consider a linear map L : F” — "
Let e1,..., ey be the standard basis of F™
Foreach 1 < k < m, let Ax = L(ex) € F"

Forevery v = (vl ... ,v") = vle + -+ vMe, € F7,

L(v) = L(vie +-

4+ vTeny)

= vlL(el) + -

-+ vTL(em)
+vTA,

An]
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Space of All Linear Maps from F™ to [F”

» Let L(F™ F") be the space of all linear maps from F™ to F"
> If Ly, Lp € L(F™,F"), then Ly + Lp € L(F™, F")

> If L e L(F™,F") and r € F, then rL € L(F™ F")

» Therefore, L(F™,F") is a vector space

>

There is a bijective linear map

LETF") = Mnpxm
L+ A, where, for any v € F", L(v) = Av
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Linear Maps

» If V and W are vector spaces, thenamap L:V — W'is
linear, if for any vi,v» € V and st s2 €T,

L(s'vi + s%v) = s*L(vy) + s2L(v)

» Example: T :F? — F3, where

, [ 23 — 22 2 1

T(H): Ay | =|1 1 H

? | —a! + 322 -1 3]
[ 2 ~1
()= 1) (B
-1 3
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Abstract Linear Map

» Given
» Finite dimensional vector spaces V, W
» Alinearmap L:V — W
> a basis (eg,...,en) of V
> a basis (fi,..., 1) be of W

» Each L(ek) is a linear combination of (f1,..., f,):

L(er) = Mif + -+ MJf,

L(em)=MEA+ -+ M 1,

» This can be written as

Lo = enl) <[ 6]
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Abstract Linear Map With Respect To Bases (Part 1)

> Given
> abasis E=[e; -+ em]of V
> abasis F=[f - fp] of W

» alinearmap L:V — W
» There is a matrix

Mll M,%,
M= | : :
M7 Mz,
such that
Mo MY
Ler o en)=[6 o Bl f
M7 Mz,
> |e.,
L(E)=FM
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Abstract Linear Map With Respect to Bases (Part 2)

» Given any vector

v:elal+---+ema’":[e1 em] | =EaeV,

L(v) = L(era" + -+ + ema™)
— Le)al 4+ L(em)a"
= (flM11+"-+anf)al+~-+(f1M,1n+...+angq)am
= A(MEa" + -+ MEa™) 4 (M7 4 Mpa™)

> le,
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Abstract Linear Map With Respect to Bases (Part 3)

» Upshot
» Given

> AlinearmapL:V —» W
» A basis of V
» A basis of W

» There is a matrix that describes what the map L is
» If E is a basis of V and F is a basis of W, then there is a
matrix M such that
L(E)=FM
» If v = Ea, then
L(v) = F(Ma)
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Composition of Linear Maps
> let L1: Vo — Viand Ly : Vi — V, be linear maps
» The composition of L, and L; is the map

L2 o L1 : Vo — V2
Vo L2(L1(V0))

» Let Ey be a basis of Vy, E; a basis of V4, E> a basis of V5
» Let M; and M> be the matrices where

Ll(Eo) = E1M1 and L2(E1) = E2M2
> It follows that

(L2 0 L1)(Eo) = L2(L1(Eo)) = Lo(ExMy) = (L2(Er)) My
= (E2Mp) My = Ex(MaMy)
» And therefore, if v = Ega € Vj, then
(L2 o Ll)(V) = (L2 o Ll)(an) = (L2 @) Ll)(Eo)a
= E2(/\/12M1)a = EQ(MQMla)
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Inverse Map

> A linear map L: V — W is invertible if, for every w € W,
there is a unique v € V such that

Liv)=w

» Equivalently: L satisfies the following two properties:
» [ is onto: For any w € W, there exists v € V such that

L(v)=w

> [is 1-to-1:
L(Vl) = L(Vz) = VI =W

» Consequence: If
E=[e1 -+ ep isa basisof V,
then
L(E)=[L(er) --- L(em)] is a basis of W
» This implies dim(V) = dim(W)
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Matrix of Inverse Map

| 2

A\

If L:V — W is an invertible linear map, then there exists a
map K: W — V suchthat KoL =/yand Lo K = |y

(Prove:) K is a linear map
We shall denote the map K by L1

If E is a basis of V, F is a basis of W, and M, N are matrices
such that
L(E)= FM and L™Y(F) = EN,

then

F=Iw(F)=L(L7Y(F)) = L(EN) = L(E)N = FMN
E=Iy(E)=L"YL(E)) =LY FM) = LY (F)M = ENM,

which implies that MN = NM = |

» We will denote N by M1 and call it the inverse matrix of M
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Change of Basis for Linear Map

>
>

Let L: V — W be a linear map

Given bases E of V and F of W, there is a matrix M such
that
L(E)=FM

Given bases E’ of V and F' of W, there is a matrix M’ such
that
L(E') = F'M'

Suppose E’ = EA and F/ = FB and therefore E = E’A~1 and
F=FBt
Then

L(E') = L(EA) = L(E)A = FMA = F'B"'MA,

which implies that
M = B 1MA
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